Dedicated to the memory of Leopold Infeld, our teacher.
Geometry of tangent and cotangent bundles.
Let Q be a differential manifold of dimension m. We use a coordinate system or a chart (q κ ): Q → R m : x → (q κ )(x) = (q 1 (x), . . . , q m (x)).
Each individual coordinate is a function q κ : Q → R.
We ignore the fact that the domain of a chart could be an open submanifold of Q and not all of Q. Let F be a differentiable function on Q. The function
is the coordinate expression of the function F . It is a function of the coordinates (q κ (q)) ∈ R m of a point q ∈ Q. We define partial derivatives
These partial derivatives are functions on Q.
The tangent bundle of a manifold Q is a manifold TQ. There is a mapping 
are induced by coordinates (q κ ) in Q. If γ is a representative of a vector v, then q κ (v) = q κ (γ(0)) and δq λ (v) = D(q λ • γ)(0). The tangent fibration is defined by τ Q (tγ(0)) = γ(0).
Fibres of this fibration are vector spaces. We have operations
and · : R × TQ → TQ
with coordinate representations
and (q κ , δq λ )(k · v) = (q κ (v), kδq λ (v)).
We denote by TQ × (τQ,τQ)
TQ the set
Since representatives of vectors (curves in Q) can not be added the construction of linear operations in fibres of τ Q is somewhat indirect. Let v = tγ(0), v 1 = tγ 1 (0), and v 2 = tγ 2 (0) be elements of the same fibre T q Q = τ −1 Q (q). We write
for each function f on Q. We have defined a relation between three elements of a fibre T q Q. This relation will turn into a binary operation if we show that for each pair (v 1 , v 2 ) ∈ T q Q × T q Q there is an unique vector v ∈ T q Q such that v = v 1 + v 2 . The coordinate construction 
for each function f on Q. It follows that γ ′ and γ represent the same vector v ′ = v. This proves uniqueness. Let v = tγ(0) and u = tλ(0) be elements of T q Q and let k be a number. We write
for each function f on Q. The coordinate construction
shows that for each k ∈ R and u ∈ T q Q there is a vector v ∈ T q Q such that v = ku. If v = tγ(0) and v ′ = tγ ′ (0) are two such vectors, then
It follows that the vector v is unique. Each curve γ: R → Q has a tangent prolongation tγ: R → TQ : s → tγ(· + s)(0).
The curve γ(· + s) is the mapping
The vector tγ(s) is the vector tangent to γ at γ(s). The coordinate description of the prolongation is given by (q κ , δq
A mapping X: Q → TQ such that τ Q • X: Q → Q is the identity mapping is called a section of the fibration τ Q . A section of the tangent fibration is called a vector field.
Let P be a differential manifold with coordinates
For each differentiable mapping α: Q → P
we have the tangent mapping Tα: TQ → TP.
If γ: R → Q is a representative of a vector v ∈ TQ, then α • γ: R → P is a representative of the vector Tα(v) ∈ TP : Tα(tγ(0)) = t(α • γ)(0).
The coordinate definition of the tangent mapping is given by
with α i = p i • α or by a simplified formula
Einstein's summation convention is used. The commutative diagram
is a vector fibration morphism.
A differentiable mapping σ: T → Q is called an immersion if at each point t ∈ T the linear mapping T t σ: T t T → T σ(t) Q obtained by restricting the mapping Tσ to the fibre T t T = τ −1 T (t) is injective. If
are coordinates in T and σ κ = q κ • σ, then σ is an immersion if the matrix (∂ i σ κ ) is of maximal rank k. The image S = im(σ) ⊂ Q is called an (immersed) submanifold of Q of dimension k. A submanifold S ⊂ Q is frequently given as a set
where F A are m−k functions on Q such that the matrix (∂ κ F A ) is of maximal rank m−k at points of S. A set S specified in this way is called an embedded submanifold. Submanifolds are usually assumed to be embedded. We will adopt the standard practice of not distinguishing elements of geometric spaces from their coordinates. Functions defined on these geometric spaces will be considered functions of coordinates. Instead of writing a formula (32) we will say that S satisfies equations F A (q κ ) = 0. The tangent set of a subset S ⊂ Q (not necessarily a submanifold) is a subset of TQ. A vector v is in TS if there is a curve γ: R → Q such that v = tγ(0) and γ(s) ∈ S for each s in a neighbourhood of 0 ∈ R. We have τ Q (TS) = S. If S is the image of an immersion σ: T → Q, then TS is the image of Tσ: TT → TQ. The coordinates (q κ , δq λ ) of elements of TS are related to coordinates (t i , δt j ) by
If S satisfies equations F A (q κ ) = 0, then TS satisfies equations ∂ κ F A δq κ = 0 in addition to F A (q κ ) = 0. A 0-form on Q is a function on Q. A 1-form on Q is a mapping
linear on fibres of τ Q . The product of a 0-form F with a 1-form A is a 1-form F A defined by
The differential dF of a function F on Q is 1-form defined by dF, tγ(0) = D(F • γ)(0).
The differential of the product F G of two functions is the 1-form F dG + GdF . Coordinates (δq κ ) in TQ are 1-forms. They are the differentials (dq κ ) of coordinates (q κ ) in Q. Each 1-form A can be expressed as a combination
of these differentials. The coefficients A κ are 0-forms obtained from
for each v ∈ TQ. The differential of a function F (q κ ) is the 1-form
A 2-form on Q is a function B: TQ × (τQ,τQ)
which is antisymmetric:
and linear in its first argument:
Linearity in the first argument and antisymmetry imply linearity in the second argument. The product of 0-form with a 2-form is a 2-form. The exterior product of 1-forms A 1 and A 2 is a 2-form
Each 2-form B is a combination B = 1 2
The coefficients B κλ are 0-forms characterized by
and
The exterior differential of a 1-form A is a 2-form dA. In order to construct the exterior differential we associate with each pair (
TQ a mapping χ: R 2 → Q such that v 1 = tχ(·, 0) and
proves the existence of such mappings. We define curves
For the mapping defined in (47) we have
The exterior differential is defined by
Relations
and ddF = 0 (57) are easily established for an arbitrary 0-form F and arbitrary 1-forms A, A 1 , and
A 2-form which is the differential of a 1-form is said to be exact. A 1-form A is said to be closed if dA = 0. If A is closed, then there is a neighbourhood V of each point q 0 and a 0-form F on V such that A|V = dF . This is as a consequence of the Poincaré lemma.
Let P be a differential manifold with coordinates (p i ) and let α: Q → P be a differentiable mapping.
The pull back of a 0-form F on P is the 0-form F • α on Q. The pull back of a 1-form A on P is the 1-form α * A on Q defined by
If A = A i dp i ,
The pull back of a 2-form B on P is the 2-form α * B on Q defined by
If B = 1 2 B ij dp i ∧ dp j ,
The relations
hold for a 0-form F and a 1-form A. Let C ⊂ Q be a submanifold. The mapping
is the canonical injection. The pull backs ι * C F , ι * C A, and ι * C B are denoted by F |C, A|C, and B|C respectively.
The cotangent bundle of a manifold Q is a manifold T * Q. The cotangent fibration
is the vector fibration dual to the tangent fibration τ Q . The canonical pairing is a bilinear mapping
defined on the set T * Q × (πQ,τQ)
) form a basis of the vector space T * q Q. Let (e κ (q)) be the basis of the vector space T q Q dual to the base (dq κ (q)) in the sense that
The canonical pairing has the coordinate expression
For the tangent bundle TT * Q of the cotangent bundle T * Q we have the tangent fibration
and the tangent mapping
is commutative. Hence, (τ T * Q (w), Tπ Q (w)) ∈ T * Q × (πQ,τQ)
TQ for each w ∈ TT * Q. A canonical 1-form ϑ Q on T * Q, called the Liouville form, is defined by
In the manifold TT * Q we have coordinates
related to the coordinates (q κ , f λ ) as the coordinates (q κ , δq λ ) in TQ are related to the coordinates (q κ ) in Q. In terms o these coordinates, coordinates (q κ , f λ ) in T * Q, and coordinates (q κ , δq λ ) in TQ we have the coordinate definitions of the fibrations τ T * Q and Tπ Q :
It follows that
Hence,
A 1-form A on Q is a function on TQ but it can be interpreted as a section A: Q → T * Q of the cotangent fibration. In terms of this dual interpretation we state the following fundamental property of the Liouville form:
A manifold P and an exact, non degenerate 2-form ω form an (exact) symplectic manifold (P, ω). The 2-form ω defines a mapping β (P,ω) : TP → T * P characterized by the equality
for vectors u ∈ TP and v ∈ TP such that τ P (v) = τ P (u). The 2-form ω is said to be non degenerate if the mapping β (P,ω) is invertible. The cotangent bundle T * Q together with the 2-form
form a symplectic manifold (T * Q, ω Q ). In the cotangent bundle T * T * Q we use coordinates
induced by coordinates (q κ , f λ ) in T * Q. The coordinate definition of the mapping
This mapping is invertible. Its inverse
The Poisson bracket {F, G}:
of two functions F and G on T * Q is defined by
It follows from the coordinate relation (91) that the Poisson bracket {F, G} of two functions
with the symbol ∂ κ used to denote the partial derivative with respect to f κ .
Lagrangian submanifolds.
A Lagrangian submanifold of a general symplectic manifold (P, ω) is a submanifold S ⊂ P of dimension dim(S) = 1 2 dim(P ) such that ω|S = 0. This last condition means that the symplectic form ω evaluated on two vectors tangent to S vanishes. If S is the image of an immersion σ: T → P , then ω|S = 0 is equivalent to σ * ω = 0.
A Lagrangian submanifold of (T * Q, ω Q ) is a submanifold S ⊂ T * Q of dimension m such that ω Q |S = 0. If S is the image of an immersion σ: T → T * Q from a manifold T with coordinates (t α ) and
If S is a Lagrangian submanifold, then the Lagrange brackets
vanish. Let f ∈ S and let T f S ⊂ T f T * Q denote the space of vectors tangent to S at f . Let
If S is specified by equations F A = 0, where F A are m independent functions on T * Q, then
There are three categories of Lagrangian submanifolds of cotangent bundles generated by increasingly complex objects.
I. Lagrangian submanifolds generated by functions.
Let U be a function on Q. The image S of the differential dU : Q → T * Q is a Lagrangian submanifold of (T * Q, ω Q ) since dim(S) = m and
The submanifold S is said to be generated by U . In terms of coordinates (q κ , f λ ) the set S is described by equations
equivalent to the simple version of the principle of virtual work
where the virtual displacements δq λ are coordinates of a vector v ∈ TQ. Let S = im(σ) ⊂ T * Q be the image of a 1-form interpreted as a section σ:
it follows that if S is a Lagrangian submanifold, then for each element f 0 ∈ S there is a neighbourhood W ⊂ T * Q of f 0 and a function U on Q such that S ∩ W = im(dU ) ∩ W . This is a version of the Poincaré lemma.
II. Lagrangian submanifolds generated by constrained functions. Let C ⊂ Q be a submanifold of dimension k and let U : C → R be a differentiable function. The set
is an affine subbundle of the cotangent bundle T * Q restricted to C. At each point q ∈ C the fibre S q = S ∩ T * q Q is an affine subspace of T * q Q modeled on the vector subspace T
• q C ⊂ T * q Q of dimension m − k. It follows that S is a submanifold of T * Q of dimension m. We choose a function U : Q → R such that U |C = U and define functions U = U • π Q on T * Q and U = U |S on S. The function U does not depend on the choice of the function U, it can be defined directly by
it follows that
Hence, S is a Lagrangian submanifold of (T * Q, ω Q ). Given a function U (q κ ) and m − k independent functions F A (q κ ) such that the set C is described by the equations F A (q κ ) = 0 we write the principle of virtual work
for the set S. Coordinates (q κ , f λ ) of elements of S satisfy the variational principle with arbitrary virtual displacements δq λ satisfying the last equality. This last equality indicate that the virtual displacements are coordinates of vectors tangent to C. Using Lagrange multipliers λ A we write the equations for S in the form
Let (t i ) be the coordinates in C and let q κ = σ κ (t i ) be the coordinate expression of the canonical injection of C in Q. If U (t i ) is the internal energy, then S is represented by
Let C ⊂ Q be a submanifold and let S be an affine subbundle of the cotangent bundle T * Q restricted to C modeled on the vector subbundle T
• C of T * Q restricted to C. If S is a Lagrangian submanifold of (T * Q, ω Q ), then ϑ Q |S is closed. Let f 0 be an element of S and let W ⊂ T * Q be a neighbourhood of f 0 and U a function on S ∩ W such that ϑ Q |S ∩ W = d U . We choose the neighbourhood W to have a connected intersection W q = S q ∩ W with the fibre
and the function U is constant on the connected set W q . This permits the introduction of a function
intersected with W is the intersection of S with W . We have obtained an extension of the Poincaré lemma to constrained Lagrangian submanifolds.
III. Lagrangian submanifolds generated by Morse families.
Let η: Y → Q be a differential fibration with coordinates (q κ , y A ) adapted in the sense that
where the coordinates (q κ ) on the right hand side are coordinates in Y . Let U : Y → R be a function interpreted as a family of functions defined on fibres of the fibration η. The family is called a Morse
is of maximal rank. A Morse family generates a set
The critical set
of the Morse family is a submanifold of Y of dimension m. A mapping
where v is any vector in T η(y) and w ∈ T y Y such that Tη(w) = v. This mapping is an immersion and S = im(κ). Let y ∈ Cr(U, η) and w ∈ T y Cr(U, η). From
The set S is an immersed Lagrangian submanifold of (T * Q, ω Q ) since
and dim(S) = dim(Cr(U, η)) = m. It follows from a theorem of Hörmander [4] [7] that for each element f 0 of a Lagrangian submanifold of (T * Q, ω Q ) there is a neighbourhood W ⊂ T * Q and a Morse family U : Y → R of functions on fibres of a fibration η: Y → Q such that S and the Lagrangian submanifold generated by U coincide in W . This is an extension of the Poincaré lemma.
The coordinates (q κ , f λ ) of elements of S satisfy equations
derived from the variational principle of virtual work
with some values of the variables (y A ) and all variations (δq λ , δy B ). The symbol ∂ A stands for the partial derivative with respect to y A . Equations (125) imply the equalities
Consequently,
It follows from the maximality of the rank of the matrix (117) that dim(S) = m. Note that the affine subbundle (107) is generated by the Morse family
The rank of the matrix
is maximal due to independence of the functions F A (q κ ). The function (129) depends linearly on the unrestricted variables (y A ). This is the characteristic feature of a Morse family equivalent to a constrained generating function. There is little difference between the variables (y A ) and the Lagrange multipliers (λ A ). A Morse family generating a Lagrangian submanifold is not unique. It is frequently possible to reduce the dimension of the fibration η. Reductions are based on the following observation. Let S be a Lagrangian submanifold of (T * Q, ω Q ) generated by a Morse family U : Y → R of functions defined on fibres of a fibration η: Y → Q. If the critical set Cr(U, η) is the image of a section σ: Q → Y of η, then S is generated by the function U • σ: Q → R. If f ∈ S and q = π Q (f ), then f = κ(σ(q)) and
In this case the Lagrangian submanifold S is generated by the Morse family U • σ: Y ′ → R of functions on fibres of η ′′ .
Statics of mechanical systems.
Let Q be the configuration space of a static mechanical system. Elements of the cotangent bundle T * Q are the generalized forces applied to the system. The constitutive set of a static system is subset S (usually a submanifold) of the cotangent bundle. An element f ∈ S is the generalized force which when applied by an external controlling device will maintain the system in equilibrium at the configuration q = π Q (f ). The constitutive set provides a complete characterization of the response of the static system to external control represented by generalized forces applied to it. The knowledge of equilibrium configurations of an isolated system does not characterize the system completely. Two systems may have the same equilibrium configurations and yet respond differently to external control.
The system is said to be reciprocal if ω Q |S = 0. Let w 1 and w 2 be vectors tangent to S such that
derived from ω Q , w 1 ∧ w 2 = 0 is a reciprocity relation. The system is said to be potential if S is a Lagrangian submanifold generated globally by a generating function, a constrained function or a Morse family. The generating function is interpreted as the internal energy of the system. A potential system is reciprocal. In the following three examples the configuration space is an affine Euclidean plane with Cartesian coordinates (x, y). Coordinates (x, y, f, g) are used in T * Q.
is the internal energy of an elastically suspended material point. The constitutive set S is the Lagrangian submanifold generated by U . It is described by equations
derived from the principle of virtual work
Example 2. Let C ⊂ Q be the circle
represent the internal energy of a material point constrained to the circle
From the variational principle
we derive equations
for the constitutive set S with a Lagrange multiplier λ. With the parametric representation
we obtain the expression U (ϑ) = ka sin ϑ for the internal energy and the variational principle x = a cos ϑ y = a sin ϑ −f a sin ϑδϑ + ga cos ϑδϑ = ka cos ϑδϑ (143) equivalent to (140). The constitutive set is generated by the Morse family
Example 3. The function
is the internal energy of a material point tied elastically to a point left to move freely on the circle
The function U is a Morse family of functions of the variable ϑ since the rank of the 1 × 3 matrix
is 1. From the principle of virtual work
we obtain equations
for the constitutive set S. Equations 
is of rank 2. This indicates that S is an immersed submanifold. With the exclusion of points corresponding to ρ = 0 the set S is the union of images of two sections of π Q corresponding to the two different signs in the formulae
With the exclusion of points corresponding to x 2 + y 2 ≥ a 2 , S is the set of points satisfying equations
The functions F 
changes from 2 to 1 at ρ = 0. This indicates the presence of a Lagrangian singularity above the point with coordinates (x, y) = (0, 0).
Differential equations.
The tangent fibration τ q : TQ → Q was introduced in Section 1. Elements of the tangent bundle TQ were interpreted as virtual displacements. We return to the topic of tangent vectors this time interpreted as velocities. Coordinates (q κ , δq λ ): TQ → R 2m introduced in Section 1 will be now denoted by (q κ ,q λ ).
Not all differential equations are integrable. Let D ⊂ TQ be a differential equation and let C be the set τ Q (D). If v ∈ D and D is integrable, then there is a solution γ: I → Q of D such that v = tγ(t 0 ) for some t 0 ∈ I. Since tγ(t) ∈ D for each t ∈ I, it follows that γ(t) ∈ C for each t ∈ I. Consequently tγ(t) ∈ TC for each t ∈ I and v = tγ(t 0 ) ∈ TC. We have shown that the condition D ⊂ TC is necessary for integrability of the equation D. This condition is sufficient for a class of differential equations described below.
The image D = im(X) of a vector field X: Q → TQ is an integrable differential equation. Let C ⊂ Q be a submanifold and let D be the union
of a family of vector fields
is not necessarily satisfied. This observation suggests the following algorithm for extracting the integrable part of a differential equation. We consider the sequence of sets
and the sequence of differential equations
It may happen that after a finite number of steps the sets in the sequence (160) are all equal to a set C. This set satisfies the equality
If the differential equation D = D ∩ TC is integrable, then it is the integrable part of D.
In Section 11 we give an example of a version of the above algorithm applied to a Hamiltonian system.
Other algorithms for extracting the integrable part of a differential equations have been designed. They require the use of higher order tangent vectors.
The second tangent bundle of a manifold Q is the set T 2 Q of equivalence classes of curves in Q. Two curves γ: R → Q and γ
The equivalence class of a curve γ: R → Q will be denoted by t 2 γ(0). Each curve γ: R → Q has a second tangent prolongation
The coordinate description of the prolongation is given by
The second tangent fibration is the mapping
There is also the fibration
The concept of integrability is easily extended to second order equations. The image im(X) of a section
of the fibration τ 1 2 Q is an integrable differential equation. Elements of the iterated tangent bundle TTQ are equivalence classes of curves in TQ. Coordinates
will be used. These coordinates are related to coordinates (q κ ,q λ ) as coordinates (q κ ,q λ ) are related to coordinates (q κ ). We have fibrations
There is an useful immersion λ Q of T 2 Q in TTQ. This immersion associates with a second tangent vector a = t 2 γ(0) the vector w = ttγ(0) tangent to the prolongation tγ of the curve γ at tγ(0). The formal definition is expressed in
From τ TQ (ttγ(0)) = tγ(0), Tτ Q (ttγ(0)) = tγ(0), and τ 1 2 Q (t 2 γ(0)) = tγ(0) it follows that
Let D ⊂ TQ be a differential equation. The set
is a second order differential equation called the prolongation of D. If the differential equation is given in the form
where f i are functions on TQ, then TD is the set
and PD is the set
The symbol ∂μ stands for the partial derivative with respect toq
follows from τ
if D is integrable. We have established a necessary condition
for integrability of a differential equation D ⊂ TQ. If this condition is not satisfied, then the integrable part of D is a subset of the set τ 1 2 Q (PD). The set τ 1 2 Q (PD) is a subset of D closer to the integrable part without being necessarily integrable. These observations suggest a new algorithm for extracting the integrable part of a differential equation. We introduce the sequence of differential equations
It may happen that after a finite number of steps the sets in the sequence (184) are all equal to a set D. It may happen that D is the integrable part of D.
The iterated tangent bundle.
We have already introduced the iterated tangent bundle TTQ and the coordinates
The fibration
is a vector fibration. We have the operations
The diagram
is a vector fibration morphism. We show that the mapping
is a vector fibration by constructing operations
Let w 1 and w 2 be elements of TTQ such that Tτ Q (w 2 ) = Tτ Q (w 1 ). It is possible to choose curves ξ 1 : R → TQ and ξ 2 : R → TQ such that w 1 = tξ 1 (0), w 2 = tξ 2 (0) and
provide an example. The operation+ is defined by
The operation· is defined by k· tξ(0) = t(kξ)(0).
Coordinate representations of these operations are given by
is a vector fibration morphism. Elements of the iterated bundle TTQ are equivalence classes of curves in a set of equivalence classes of curves in Q. A simpler representation of these elements is needed. Let χ: R 2 → Q be a differentiable mapping. For each s ∈ R we denote by t (0,1) χ(s, 0) the vector tχ(s, ·)(0) ∈ TQ. For each t ∈ R we denote by t (1,0) χ(0, t) the vector tχ(·, t)(0) ∈ TQ. We have curves
Vectors tt (0,1) χ(·, 0)(0) ∈ TTQ and tt (1,0) χ(0, ·)(0) ∈ TTQ will be denoted by tt (0,1) χ(0, 0) and tt (1, 0) χ(0, 0) respectively. For each w ∈ TTQ there is a mapping χ: R 2 → Q such that w = tt (0,1) χ(0, 0). The mapping specified by coordinate relations
has the required property. We consider mappings χ:
These mappings are equivalent if
We have obtained an efficient representation of elements of TTQ. In terms of this representation we define the canonical involution
The coordinate expression of this involution is given by
The commutative diagram
is a vector fibration isomorphism. The diagram
is the inverse isomorphism. For a differentiable mapping α: Q → P we have
Let A be a 1-form on Q. A 0-form i T A on TQ is defined as the function
Let B be a 2-form on
Let F , A, and B = dA be a 0-form, a 1-form, and an exact 2-form on Q respectively. We define a 0-form d T F , a 1-form d T A, and a 2-form d T B on TQ by
The coordinate expression of the function d T F is
If
Each 1-form on Q can be expressed as a sum of products F dG and from
for each 1-form A.
6. A geometric framework for analytical mechanics. Let Q be a manifold of dimension m. We have already described the geometry of the tangent bundle TQ, the cotangent bundle T * Q and the tangent bundle TT * Q of the cotangent bundle T * Q. The present section is devoted to the study of the canonical symplectic structure of the bundle TT * Q. We will use coordinates (
in the manifolds TQ, T * Q and TT * Q. The mappings τ T * Q and Tπ Q have now the coordinate expres-
We introduce the exact 2-form
It will be shown that this 2-form is non degenerate. The manifold TT * Q with the form d T ω Q form a symplectic manifold (TT * Q, d T ω Q ). We believe that the symplectic form d T ω Q is the only natural symplectic form in TT * Q. The discovery of a second symplectic structure in TT * Q was announced in a recent Springer-Verlag publication [9] . We have not been able to identify the second symplectic structure. We strongly suspect that this announcement is false. The formula
for the Marsden-Ratiu symplectic form does not seem to have an intrinsic meaning since elementary rules of tensor calculus have been violated. We have the coordinate expressions
The fibration τ T * Q : TT * Q → T * Q is a vector fibration. We will construct a vector fibration structure for the fibration Tπ Q : TT * Q → TQ. For two vectors z 1 ∈ TT * Q and z 2 ∈ TT * Q such that Tπ Q (z 2 ) = Tπ Q (z 1 ) it is possible to choose representatives ζ 1 : R → T * Q and ζ 2 : R → T * Q such that z 1 = tζ 1 (0), z 2 = tζ 2 (0) and π Q • ζ 2 = π Q • ζ 1 . An example is provided by the coordinate constructions
An operation+ :
is defined by
An operation· :
is defined by k· tζ(0) = t(kζ)(0).
is a vector fibration morphism. The vector fibration Tπ Q : TT * Q → TQ is dual to the vector fibration Tτ Q : TTQ → TQ. The pairing
where ζ: R → T * Q and ξ: R → TQ are curves such that z = tζ(0), w = tξ(0) and π Q • ζ = τ Q • ξ. Such curves are provided by the coordinate constructions
The coordinate expression of the pairing is
A mapping
with η: R → T * Q defined by η(s) = τ T * Q (w) + sf . The coordinate expression of the mapping in terms of coordinates (q κ , p λ ,q µ ,ṗ ν ) in TT * Q and coordinates (q κ , f λ ) in T * Q is given by
In the cotangent bundle T * TQ we use coordinates
induced by coordinates (q κ ,q λ ) in TQ. The Liouville form is the 1-form
The 2-form
is the symplectic form on T * TQ. A vector fibration isomorphism
is defined as dual to the vector fibration isomorphism
in the sense that
for z ∈ TT * Q and w ∈ TTQ such that Tπ Q (z) = τ TQ (w). We have the coordinate characterization
of the mapping α Q .
For a vector z = tt (0,1) χ(0, 0) ∈ TTT * Q represented by a mapping χ:
We have used the formula (232) and relations
We have shown that
It follows that the 2-form d T ω Q is non degenerate and that the mapping α Q :
These results are confirmed by the coordinate calculations
and α * Q ω TQ = dṗ κ ∧ dq κ + dp κ ∧ dq
In the cotangent bundle T * T * Q we use coordinates
induced by coordinates (q κ , p λ ) in T * Q. We have the Liouville form
and the symplectic 2-form ω T * Q = du κ ∧ dq κ + dv κ ∧ dp κ .
on T * T * Q. We have already introduced the mapping
characterized by the equality
for vectors u ∈ TT * Q and v ∈ TT * Q such that τ T * Q (v) = τ T * Q (u). The diagram
is a vector fibration isomorphism. For each z ∈ TT * T * Q we have
The formula (218) and relations
derived from
were used. We have shown that
It follows that the mapping β (T * Q,ωQ) : TT * Q → T * T * Q is a symplectomorphism from (TT * Q,
Coordinate calculations β * (T * Q,ωQ) ϑ T * Q =ṗ κ dq κ −q κ dp κ = i T ω Q
confirm these results.
Dynamics of mechanical systems.
Let Q be the configuration manifold of a mechanical system. The cotangent bundle T * Q is the phase space of the system. Elements of the phase space are momenta. The commutative diagram
contains the geometric structures used to formulate the dynamics of the system. The dynamics is a differential equation D ⊂ TT * Q. A solution π: I → T * Q of this equation is a phase space trajectory of the system. External forces have to be included in a complete description of dynamics. The dynamics of the system with external forces is the differential equation
A solution is a curve (π, ϕ):
T * Q. The values of this curve represent the momenta and external forces. The differential equation D f is of first order for the momentum component π and of zero order for the force component ϕ. This treatment of external forces is suitable for non relativistic systems. Relativistic systems described by homogeneous Lagrangians require a modification of the concept of force. We will deal with dynamics without external forces. Trajectories of the system in the configuration manifold Q are solutions of the second order EulerLagrange equation
We have recognized the presence of a canonical symplectic structure in TT * Q with the symplectic form d T ω Q . In most cases of interest in relativistic physics the dynamics is a Lagrangian submanifold of (TT * Q, d T ω Q ). Morphisms α Q and β (T * Q,ωQ) are canonical symplectomorphisms from (TT * Q, d T ω Q ) to (T * TQ, ω TQ ) and to (T * T * Q, ω T * Q ). These symplectomorphisms with cotangent bundles create the possibility of generating the dynamics from (generalized) Lagrangians associated with TQ or (generalized) Hamiltonians associated with T * Q.
We will present a number of examples of mechanical systems in Lagrangian and Hamiltonian formulations. We will perform the Legendre transformations and test the integrability criteria for these systems. 
is a Lagrangian submanifold of (T * TQ, ω TQ ) and the set D = α
and coordinates (q κ , p λ ,q µ ,ṗ ν ) of elements of D satisfy equationṡ
derived from the variational principlė
Substituting the equalities
and dp µ = ∂ ν ∂μLdq ν + ∂ν ∂μLdq
we obtain the equality
This equality together with dim(D) = 2m = 1/2 dim(TT * Q) confirms that D is a Lagrangian submanifold of (TT * Q, d T ω Q ). The set N is a Lagrangian submanifold since it is the image of the differential of a function and D is a Lagrangian submanifold since it is obtained from N by applying the symplectomorphism α Q . We have confirmed this fact by direct calculation. The set D ⊂ TT * Q is a differential equation. A solution is a curve γ: R → T * Q such that vectors tangent to γ are in D. Equationsγ
are differential equations for the coordinate expression
of a curve γ derived from equations (294). Dots indicate derivatives. The differential equation D represents dynamics in the sense that solution curves are phase space trajectories of the mechanical system. We say that D is a Lagrangian system since it was obtained from a Lagrangian function (291). Equations (294) and equations (300) will be called the Lagrange equations. The second order equationsṗ
represent the prolongation PD of the Lagrange equations. The equations
are the Euler-Lagrange equation T 2 π Q (PD) in coordinate form.
Example 4. Let Q be a manifold of dimension 3 with coordinates (q i ) = (q 1 , q 2 , q 3 ). There is a Riemannian metric tensor g ij , a function ϕ, and a 1-form
is the Lagrangian of a particle of mass m and charge e in an electric field
and a magnetic field (induction)
The dynamics D of the particle is described by equationṡ
Gauge independent covariant second order Euler-Lagrange differential equations
are easily derived. The symbol Γ j kl is the Christoffel symbol
Solution curves of (308) are motions in the configuration space Q. These equations provide a partial description of dynamics. The complete description of dynamics is obtained by complementing these equations with the gauge dependent velocity-momentum relation
A gauge transformation
will not modify equations (308) but will change the velocity-momentum relation.
Example 5. A gauge independent formulation of dynamics of a charged particle is obtained by extending the configuration space Q to a manifold Q of four dimensions with coordinates (q, q i ). A gauge transformation is a coordinate transformation (q, q i ) → (q + ψ(q k ), q i ). The dynamics is derived from the gauge independent Lagrangian
The equationsṗ = 0
provide a description of dynamics in terms of coordinates (q, q i , p, p j ,q,q k ,ṗ,ṗ l ) in TT * Q. These equations are gauge independent and can be given an explicitly covariant and gauge independent forṁ p = 0
The gauge invariant quantity (p i − eA i ) is the momentum of the particle.
Example 6. Let Q be the space-time of general relativity with coordinates (q κ ) = (q 0 , q 1 , q 2 , q 3 ). The gravitational field is represented by a Minkowski metric g κλ and the electromagnetic field is a 2-form
The dynamics of a relativistic particle of mass m and charge e is derived from the Lagrangian
defined for time-like vectors -vectors satisfying g κλq κqλ > 0. Dynamics D ⊂ TT * Q is described by the Lagrange equationṡ
with q = g κλq κqλ .
Note that these equations are reparametrization invariant: if γ: R → T * Q is a solution and σ: R → R is a diffeomorphism with positive derivative, then γ • σ is a solution. One can say that solutions are one-dimensional oriented but not parametrized submanifolds of T * Q.
The Euler-Lagrange equations
are reparametrization invariant and gauge invariant. If proper time is chosen as the parameter, then q = 1 and the world line of the particle in space-time is a solution of simplified gauge invariant second order differential equations
The complete dynamics is gauge dependent.
Example 7. Let Q be the space-time of general relativity with coordinates (q κ ), a Minkowski metric g κλ and an electromagnetic potential A = A κ dq κ . Let Q be a manifold of dimension 5 with coordinates (q, q κ ). A gauge transformation is a coordinate transformation (q, q κ ) → (q + ψ(q µ ), q κ ). We use coordinates (q, q κ , p, p λ ) in T * Q. Two gauge invariant quantities are derived from the 5-momentum (p, p λ ). These are the charge p and the energy momentum (p λ − pA λ ). There are two equivalent interpretations of the manifold Q [6] . This manifold is interpreted as a pseudoriemannian manifold (Kaluza [5] ) with a metric tensor 1
or as the total space of a principal fibration (Utiyama [14] )
The electromagnetic potential is used to introduce the connection form
in the principal bundle Q. The curvature form
represents the electromagnetic field. The Lagrangian of a particle with mass m and charge e is the gauge invariant function
Coordinates (q, q κ , p, p λ ,q,q µ ,ṗ,ṗ ν ) are used in TT * Q. The Lagrange equationṡ
are equivalent to the explicitly covariant and gauge independent second order equationṡ
These equations are obtained by adopting the simplifying condition q = 1. Trajectories in Q satisfy the second order equations
with no conditions on q. Compatibility with field equations requires that trajectories in Q be two dimensional. The dynamics of a charge particle has to be suitably modified for correct description of interaction with the electromagnetic field.
Not all mechanical systems are Lagrangian systems derived from a Lagrangian defined on the tangent bundle TQ. The dynamics could be generated by a Morse family of functions defined on fibres of a fibration η: Y → TQ.
We have coordinates (q κ ,q λ ) in TQ. In the space Y we use adapted coordinates
Let L: Y → R be a Morse family of functions defined on fibres of η.
is of maximal rank. The Lagrangian submanifold N ⊂ T * TQ generated by the family is the set of elements of T * TQ with coordinates (q κ ,q λ , a µ , b ν ) satisfying equations
for some values of the variables y A . The set
It is the set of elements of TT * Q with coordinates (q κ , p λ ,q µ ,ṗ ν ) satisfying equationṡ
for some values of the variables y A . These equations can be derived from a variational principlė
Equations (335) present the set D parametrized by variables (q
Equations ∂ A L(q κ ,q λ , y A ) = 0 leave only 2m out of the 2m + k variables (q κ ,q λ , y A ) independent. This is a consequence of maximality of the rank of the matrix (333). It follows that dim(D) = 2m. We have thus confirmed that D is a Lagrangian submanifold of (TT * Q, d T ω Q ). The set D is a differential equation and may represent the dynamics of a mechanical system. Example 8. Let Q be the space-time of general relativity with coordinates (q κ ) = (q 0 , q 1 , q 2 , q 3 ) and a Minkowski metric g κλ . Let
be a function on
• TQ is the tangent bundle with the zero vectors removed. This function is a Morse family of functions of the variable y with the coordinates (q κ ,q λ ) treated as parameters. It represents the Lagrangian of a particle of mass zero. The dynamics of the particle is governed by the equationsṗ
satisfied for some value of the variable y. The variable y can be eliminated from the equation forṗ κ . It follows from the resulting equationṗ
that the covector p κ is covariant constant along the world line. If an affine parameter is chosen then y is constant and the dynamics satisfies equations
for some constant y > 0.
9. Hamiltonian systems.
be the Hamiltonian of a mechanical system with configuration space Q. The mapping
is a section of the fibration π T * Q . Consequently
is a vector field. The image M = im(−dH) is a Lagrangian submanifold of (T * T * Q, ω T * Q ) and
The symbol ∂ κ denotes the partial derivative ∂ ∂pκ . The dimension of D is 2m and by using equalities dq
It follows that D is a Lagrangian submanifold of (TT * Q, d T ω Q ). The set D is a differential equation and may represent the dynamics of a mechanical system.
Example 9. Equations (307) of Example 4 can be rewritten in the forṁ
These equations describe a Hamiltonian vector field. They are the Hamilton equations for the Hamiltonian
Gauge independent dynamics of charged particles and the dynamics of relativistic particles are not images of Hamiltonian vector fields. Dirac [1] introduced generalized Hamiltonian systems in order to be able to deal with similar cases. In the original construction of Dirac a generalized Hamiltonian system is a family of Hamiltonian vector fields on the phase space T * Q restricted to a constraint set C ⊂ T * Q. We have translated this construction in an equivalent construction of a differential equation
Let C ⊂ T * Q be a submanifold and let
be a differentiable function. The set
is a Lagrangian submanifold of (T * T * Q, ω T * Q ) and
is a Lagrangian submanifold of (TT * Q,
and H is a function on T * Q such that
derived from the variational principle
with variations (δq κ , δp λ ) satisfying
Lagrange multipliers (v A ∈ R k ) appear in these equations. The same equations are derived from the variational principlė
corresponding to the Morse family
of functions of the variables (v A ∈ R k ). The set D is a Lagrangian submanifold since it is generated by a Morse family. At each point a ∈ C the set D a = D ∩ T a T * Q is an affine subspace of the vector space T a T * Q.
In Dirac's construction the dynamics is described by vector fields
with arbitrary functions v A (q κ , p λ ). These fields are restricted to the constraint set C.
Example 10. The dynamics of the charged particle of Example 5 is a Dirac system. The Hamiltonian is the function
and the constraint is the set characterized by
The function
is a Morse family of functions of v ∈ R. Equations
obtained with this Morse family are equivalent to equations (313).
The dynamics of a non relativistic charged particle in the above example is the only Dirac system known to us. Hamiltonian formulations of relativistic dynamics require a higher level of complexity. Differential equations generated by Lagrangians and by Lagrangian Morse families are Lagrangian submanifolds of (TT * Q, d T ω Q ). The same is true of Dirac systems. We define a generalized Dirac system as a differential equation D ⊂ TT * Q, which is a Lagrangian submanifold of (TT * Q, d T ω Q ). 
with arbitrary v > 0. These equations are obtained from the Morse family
of functions of the variable v > 0.
Example 12. The gauge independent dynamics in Example 7 is a generalized Dirac system. Equations
with v 1 > 0 and arbitrary v 2 are equivalent to equations (328). These equations are generated by the Morse family
of functions of the variables v 1 > 0 and v 2 .
Example 13. The generalized Dirac system of Example 8 is described by equations
derived from the Morse family
with v > 0.
The Legendre transformation.
A Lagrangian L(q κ ,q λ ) is said to be hyperregular if the Legendre mapping
is a diffeomorphism. Let the mapping χ: T * Q → TQ
represented by
be the inverse diffeomorphism. Relations
hold. Using the diffeomorphism χ to eliminate the velocities (q κ ) from the energy function
we obtain the Hamiltonian
The energy function is defined on T * Q × 
On the other hand, we have
for the mappings dL:
and α
From
it follows that α
We see that the Hamiltonian and the Lagrangian generate the same dynamics
Example 14. The Lagrangian
of Example 4 is hyperregular. The Legendre mapping and its inverse are the mappings
From the energy function
we derive the Hamiltonian
If a Lagrangian is not hyperregular, then the Legendre mapping is not invertible. It may happen that the image of the Legendre mapping λ is a submanifold C ⊂ T * Q. Let G ⊂ T * Q × TQ → T * Q are connected, then a function
can be defined on C by substituting in E any values of the velocities (q µ ) such that p κ − ∂κL = 0. This is the construction of the constrained Hamiltonian used by Dirac. This is also the construction of the generalized Legendre transformation introduced by Cendra, Holm, Hoyle and Marsden. The Dirac system generated by the constrained Hamiltonian is sometimes equal to the Lagrangian system generated by the original Lagrangian.
Example 15. Applying the Cendra-Holm-Hoyle-Marsden generalized Legendre transformation to the Lagrangian
of Example 5 we obtain the constraint C described by
and the Hamiltonian
defined on the constraint C with coordinates (q, q i , p j ). This Hamiltonian generates the equations (370) of Example 10 equivalent to the Lagrange equations (313) of Example 5. The Cendra-Holm-HoyleMarsden version of the Legendre transformation gives correct results for this example of a mechanical system.
The mechanical system in the above example is the only mechanical system known to us for which this version of the Legendre transformation functions correctly.
Example 16. The Lagrangian
of Example 6 is singular. The image of the Legendre mapping
is the constraint set C described by
The energy function
vanishes on the graph G of the Legendre mapping and the Dirac Hamiltonian is zero. Differential equations derived from this constrained Hamiltonian are the equations
with arbitrary values of the Lagrange multiplier v. The Dirac system represented by these equations is the union D + ∪ D 0 ∪ D − of three sets corresponding to v > 0, v = 0, and v < 0 respectively. The set D + is the generalized Dirac system D of Example 11 equivalent to the Lagrangian system of Example 6. The set D 0 described by
must be excluded since the velocitiesqκ evaluated on vectors tangent to world lines are never zero. The set D − is a generalized Dirac system obtained from the Lagrangian
Setting v = 1 in equations (417) we obtain equations
correctly describing the dynamics of charged particles. Solutions of these equations are curves using proper time as the parameter. With y = −1 equations (417) result in the equation
and the second order system
Solutions of the second order equations are world lines of particles with mass m and charge −e or particles with mass −m and charge e. The equation (421) suggests that we are dealing with particles with negative mass −m. The principle that world lines of particles with positive energy should be oriented towards the future and that world lines of particles with negative energy (antiparticles) should be oriented towards the past (Stueckelberg [11] , Feynman [3] ) is violated. We conclude that the CendraHolm-Hoyle-Marsden version of the Legendre transformation is too fast to provide correct results for this important example of a mechanical system. The Dirac system generated by a constrained Hamiltonian
is characterized by the variational relatioṅ
on C. A constrained Hamiltonian derived from a singular Lagrangian can be considered a function on the graph G of the Legendre mapping defined by
The variational relationṗ
on G is equivalent to the relation (424) for the Hamiltonian (425). The variations (δq κ , δp λ , δq µ ) are components of a vector tangent to G. Hence
If Lagrange equationsṗ
are satisfied, thenṗ
This seems to imply that the Dirac system generated by the Hamiltonian (425) 
is maximal. No requirements are imposed on the Lagrangian. The generalized Dirac system generated by the Morse family E(q κ , p λ , v µ ) is obtained from the variational relatioṅ
with arbitrary variations (δq κ , δp λ , δv µ ). With
the relation takes the forṁ
obtained from this relation are equivalent to the Lagrange equations.
The passage from the Lagrangian L(q κ ,q λ ) to the global Hamiltonian Morse family E(q κ , p λ , v µ ) is the slow and careful Legendre transformation required to provide a correct Hamiltonian formulation of any Lagrangian system. The Morse family generating a Lagrangian submanifold is not unique. Modifications resulting in a reduction of the number of variables are usually possible.
Example 17. The Hamiltonian Morse family
for the charged particle of Example 5 reduces to the Hamiltonian Morse family
of Example 10. The reduction is obtained by using in (436) the equality
obtained from
Example 18.
for the charged particle of Example 6 reduces to the Hamiltonian Morse family TQ. Only the open subset described by the inequality g κλ v κ v λ > 0 is considered.
is a Morse family of functions on fibres of the fibration
This fibration can be interpreted as the fibration
followed by the projection
Fibres of ζ ′ are hyperboloids
we obtain two critical points
in a fibre over the point with coordinates (q κ , p λ , v). Evaluating the function E at these points results in two Morse families Example 19. The dynamics of the charged particle of Example 7 is generated by the Hamiltonian Morse family
or by the Hamiltonian Morse family
of functions of two variables v 1 > 0 and v 2 as in Example 12.
The slow Legendre transformation can be extended to Lagrangian Morse families. If
is a Morse family, then the k × (k + 2m) matrix
is of maximal rank k. It follows that the function
is a Morse family of functions of the variables (y
is of rank k + m.
Example 20. The Hamiltonian Morse family
generates the generalized Dirac system of Example 8. The equations
permits the elimination of v µ from E(q κ , p λ , y, v µ ). The result is the Hamilton Morse family
with y > 0. It is the Morse family of Example 13 with v replaced by y.
Integrability.
In Section 4 we have established integrability criteria for a class of differential equations which can be specified in terms of vector fields restricted to a submanifold. The dynamics of relativistic mechanical systems presented in our examples all admit the Dirac-style formulations in terms of Hamiltonian vector fields. The integrability criterion and the first integrability algorithm formulated in Section 4 can be adapted to this situation.
Let Q be the configuration manifold of a mechanical system and let the dynamics of the system be represented by the union
of a family of Hamiltonian vector fields
generated by a family of Hamiltonians
and restricted to a submanifold C ⊂ T * Q specified as
where Φ A are independent functions on T * Q called primary constraints. The condition D ⊂ TC means that at points of C the vector fields X α are tangent to C or that
for each α ∈ A and each function Φ A . In view of
the integrability criterion for the dynamics D assumes the form
for each α ∈ A and each function Φ A .
Example 21. The dynamics of the system in Example 9 is integrable since it is the image of a Hamiltonian vector field.
Example 22. The dynamics in Example 10 is a Dirac system. It is the union of images of the family of Hamiltonian vector fields generated by the family
restricted to a constraint set C. The parameter α is an arbitrary function on T * Q. There is one primary constraint. It is the function Φ(q, q i , p, p j ) = p − e.
The system is integrable since {H α , Φ}|C = 0.
are assumed to be satisfied. Abbreviations
will be used. The dynamics of the particles is a generalized Dirac system described by Lagrange equationṡ 
The Hamiltonian is the Morse family 
for TC 1 . The equationsṗ 
These equations are not yet integrable. They were falsely declared the integrable part of the dynamics in [8] . The prolongation of equations (497) Example 29. Although the dynamics of two relativistic particles is not a Dirac system it admits the Dirac-style representation in terms of constrained Hamiltonian vector fields. This representation can be used to simplify the algorithm in Example 27 and to prove the integrability of the resulting equations. The simplified algorithm is an adaptation of Dirac's original algorithm [1] . Since the Poisson brackets (487) and (488) do not vanish on C we restrict the set C by adding the secondary constraint Ψ(q 
The resulting system D 1 is now the union of images of Hamiltonian vector fields generated by the family (484) restricted to the constraint set C 1 ⊂ T * (Q × Q) satisfying the equations Φ 1 = 0, Φ 2 = 0, Ψ = 0.
The system is not yet integrable. In the second step we require the vanishing of the Poisson bracket
on the new constraint set. We will exclude the case p The system is exactly the system described by equations (494) and (498). The system is integrable since
